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Abstract
The susceptibility of finite-density QCD matter to vorticity is introduced,
as an analog of magnetic susceptibility. It describes the spin polarization of
quarks and antiquarks in finite-density QCD matter induced by rotation. We
estimate this quantity in the chirally broken phase using the mixed gauge-
gravity anomaly at finite baryon density. It is proposed that the vortical
susceptibility of QCD matter is responsible for the polarization of Λ and Λ¯
hyperons observed recently in heavy ion collisions at RHIC by the STAR
Collaboration.
1 Introduction
Finite-density relativistic matter exhibits a rich variety of macroscopic phe-
nomena that stem from quantum anomalies involving the baryon and electric
charge densities [1, 2, 3]. These anomalies lead in particular to the Chiral
Vortical Effect (CVE) identified both in field theory [3] and in the holo-
graphic approach [4]; the temperature dependence of the effect is non-trivial
and originates from the mixed gauge-gravity anomaly [5]. The anomaly-
induced effects of rotation are analogous to effects in an external magnetic
field, albeit with some important differences [6].
In this paper we will extend the previous analyses to the effect of rota-
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tion on finite-density QCD matter in the phase with spontaneously broken
chiral symmetry and the corresponding gap in the excitation spectrum. The
response of the ground state of a gapped system to external fields is an im-
portant property of the system. A familiar example is magnetic susceptibility
of quark condensate in QCD introduced in [7] that measures the linear re-
sponse of vacuum to the external magnetic field. Its anomalous nature has
been recognized in [8] and it has been evaluated in holographic QCD taking
into account the conventional Chern-Simons (CS) term [9] or the mixed CS
term in the extended holographic model [11, 10].
The magnetic susceptibility of QCD in the confined phase has been eval-
uated on the lattice [12, 13] at finite temperature. It has also been shown
that magnetic susceptibility is responsible for a number of interesting physi-
cal phenomena, including the T-odd correlations in dijet production [14] and
the radiative decays of heavy mesons [15].
A number of physical systems possess vorticity – for example, the quark-
gluon plasma produced in heavy ion collisions at a non-zero impact param-
eter, or dense matter in rotating neutron stars. A natural question arises: is
there an analog of the magnetic susceptibility of QCD matter describing the
response of the system to rotation?
In this paper we demonstrate that there is indeed a new anomalous effect
on QCD matter in spontaneously broken phase that is induced by rotation;
it can be describes as a nontrivial response of the quark condensate to the ex-
ternal gravitational field. The simplest non-flat gravity background involves
the abelian graviphoton gauge connection. The corresponding gravimagnetic
curvature corresponds to the angular velocity of rotation while the gravielec-
tric field corresponds to the temperature gradient. In this paper we will
estimate the vortical susceptibility of the low density QCD matter using the
anomalous triangle < V AVg > where Vg is the fermion current interacting
with an external graviphoton field.
The non-vanishing vortical susceptibility of matter generates an inter-
esting anomalous term in the low-energy QCD effective action. This new
anomalous term yields the anomalous contribution to the angular momen-
tum in the confined phase of QCD in the external rank-two field which may
be called ”superrotation”. It is the vortical counterpart of the anomalous
term in an external electromagnetic field which generates the supercurrent
in QCD [16]. Recall that supercurrents in the gapped phases are specific
features of the superconducting and superfluid states of matter. They are
proportional to the gradient of the phase of the condensate and to the mag-
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nitude of the condensate. The chiral condensate breaks the global symmetry
of the QCD Lagrangian, hence the situation is more close to the superfluid
case when the global U(1) symmetry is broken. The possible superrotation
in an external selfdual rank two field is of the same nature.
The paper is organized as follows. In Section 2 we recall the properties
of magnetic susceptibility and introduce its vortical counterpart. It is evalu-
ated via the mixed anomaly and the pion dominance in the axial channel. In
Section 3 we discuss the possibilities for related effects in more general gravi-
tational backgrounds and in the chirally imbalanced matter. The application
of our results to Λ polarization observed recently in heavy ion collisions is
described in Section 4.
2 Susceptibilities of the chiral condensate in
the external fields
2.1 Magnetic susceptibility
Consider the hadronic phase of QCD where the chiral symmetry is broken
by the condensate < Ψ¯Ψ >. The linear response of the chiral condensate to
an external magnetic field results in the relation
< 0|Ψ¯fσµνΨf |0 >= efχf < Ψ¯Ψ > Fµν (1)
where χf and ef are the susceptibility and the charge of the corresponding
quark flavor f . Its value can be derived from the anomalous < V V A >
triangle, χ = −Nc/(4π2f 2pi) [8].
If we introduce a physical selfdual rank-2 field Bµν , the non-vanishing
magnetic susceptibility induces the following anomalous term in the chiral
Lagrangian [11]
Lanom = χ < Ψ¯Ψ > FµνBµν Tr
[
BQ(U + U−1)
]
, (2)
where Bµν is the source for the fermion tensor current Ψ¯σµνΨ , B is the
flavor matrix and Q is charge matrix. This term can be thought of as the
modification of the quark mass in the external field. In four dimensions
σµν =
1
2
iǫµναβσαβγ5 (3)
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therefore the external field has to be selfdual, Bµν = B˜µν .
It has been argued in [16] that this anomalous term induces a kind of a
supercurrent proportional to the condensate
Janom,ν = χ < Ψ¯Ψ > ∂µBµν (4)
which due to selfduality can be also written in terms of the dual field B˜.
We can trade the Bµν field for a scalar field Φ; the anomalous current then
acquires the form identical to the superfluid current
Jsuperfluid,µ = ns(∂µΦ− Aµ) (5)
where ns is the density of the superfluid component proportional to the con-
densate and Φ is the condensate phase. In our case the field Φ is the scalar
meson while Aµ is the composite current.
2.2 Vortical susceptibility of the quark condensate
There is a well-known analogy between an external magnetic field and the
rotating frame manifested by the substitution ef ~B ↔ µf~Ω that is based upon
Larmor’s theorem. It is thus natural to introduce a response of the quark
condensate in QCD to rotation, parametrized as
< 0|Ψ¯fσµνΨf |0 >= χg,f < Ψ¯fΨf > Gµν ; (6)
here we describe rotation as the curvature of an external “graviphoton” field
Gµν and denote the corresponding susceptibility as χg,f .
Let us recall that the graviphoton field is introduced as the specific fluc-
tuation of the background metric:
ds2 = (1 + 2φg)dt
2 − (1− 2φg)d2~x+ 2 ~Agd~xdt. (7)
The gravimagnetic field corresponds to the angular velocity of rotation at
small velocity
~Bg ∝ ~Ω; (8)
however at large velocities the relation between the gravimagnetic field and
the angular velocity is more complicated.
To evaluate the vortical susceptibility let us first recall the derivation of
magnetic susceptibility of the quark condensate in [8]. It is convenient to
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consider the < V (0)V (Q)A(−Q) > three-point function assuming that one
vector vertex corresponds to the external magnetic field. This three-point
function can be treated in two ways. First, assuming that Q2 is large we
can consider the OPE for the product of vector and axial currents; the first
subleading term is mΨ¯σµνΨ/Q
4, where m is the quark mass. On the other
hand we can assume the pion dominance in the axial channel and make use
of the anomalous π0FF˜ vertex. Expanding the propagator in the pion mass
we get the subleading m2pi/Q
4 term that has to be compared to the Q−4 term
in the OPE. The comparison of the two terms and the use of the GMOR
relation and (1) then immediately yields the expression for the magnetic
susceptibility χ = −Nc/(4π2f 2pi) found in [8].
Let us follow the same strategy in the gravimagnetic case. First let us re-
call that the graviphoton that is a component of the metric interacts with the
energy-momentum tensor. The gravimagnetic component of the connection
Ag is coupled to the momentum of the fermion field via the term
Ag,iΨ¯(γiD0 + γ0Di)Ψ (9)
At finite density µ, there is a component of the momentum that does not
involve the derivatives:
µAg,iΨ¯γiΨ (10)
this expression is known from the derivation of the CVE [5]. Therefore the
weak gravimagnetic field interacts with the vector current similarly to the
electromagnetic current, with the additional factor µ in the vertex.
Let us now compare two ways of evaluation of the correlator: via OPE
for A(Q)T0j(0)V (−Q) and via the pion pole dominance in the axial channel,
similarly to [8]. Since the momentum in T0j vertex vanishes, the operator in
the case if finite density QCD reduces to the vector current multiplied the
chemical potential µ; therefore we get the correlator that is similar to the
magnetic case. From the OPE side we get the same operator mΨ¯σµνΨ/Q
4 as
the first subleading term – therefore the OPE involves precisely the matrix
element we are looking for.
From the pion pole side we will now use the anomalous pion-gravity
π0V Bg vertex and expand the pion propagator in pion mass once again.
The specific vertex which involves the Goldstone particle, electromagnetic
field and the graviphoton field exists only in dense matter [1, 2] and reads as
δL = −NC
∑
f
efµf
4π2
ǫµναβ∂µπAα∂νAg,β (11)
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This vertex allows us to make the comparison with the OPE calculation. The
leading term corresponds to the pion pole, and comparison of the two Q−4
terms yields
χg,f =
Ncµf
π2f 2pi
(12)
where we have introduced the susceptibility for each flavor. Of course, as in
the magnetic case, the assumption of pion dominance brings in an uncertainty
due to the omission of excited resonances; however we believe that this result
provides a reasonable estimate.
3 Anomalous term in the low-energy action
and angular momentum
What are the possible observable manifestations of the vortical susceptibility
of the condensate? To answer this question let us first note that the non-
vanishing vortical susceptibility of the chiral condensate implies the following
anomalous term in the low-energy chiral Lagrangian:
Lanom = χg < Ψ¯Ψ > GµνBµνTrB(U + U
−1), (13)
where B is the flavor matrix (the charge matrix does not enter this expres-
sion). In the gravimagnetic case when Gij = 2ǫijkΩk instead of the anomalous
current we get the anomalous angular momentum induced by the external
rank-two B field
Ji ∝ χg < Ψ¯Ψ > ǫijkBjk . (14)
As noted before, the rank-two B field is selfdual and can be traded for the
scalar and the composite current.
So far we have found the vortical susceptibility of the quark condensate
which is proportional to the vector chemical potential. One may also consider
the case of the chirally imbalanced matter with chiral chemical potential
µ5 6= 0. In this case due to the parity-odd nature of the chemical potential
several new effects emerge. First, one can introduce the susceptibility in the
external gravielectric field that describes the temperature gradient:
< 0|Ψ¯σµνΨ|0 >= χ˜g < Ψ¯Ψ > G˜µν , (15)
where the χ˜g ∝ µ5 and the gravielectric field Eg ∝ ∇ log T .
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In addition, in chirally imbalanced matter we expect the “anomalous
boost” induced by the external rank-two field and given by the derivative of
the Lagrangian with respect to the gravieletric field G0j :
Jj =
δL
δG0j
. (16)
This vector is dual to the angular momentum which is the axial vector.
It is proportional to the dual vortical susceptibility and the corresponding
component of the rank 2 external field:
Jj ∝ χ˜g < Ψ¯Ψ > B0j. (17)
The chiral chemical potential can be generated by topological QCD fluc-
tuations, or by a time-dependent axion field during the creation and decay
of the extended axionic defects like the axion string and axion domain wall.
4 Vorticity-induced polarization throughout
the hadronization: Λ production in heavy
ion collisions
The vortical susceptibility of the quark condensate discussed above has a
simple physical interpretation: vorticity aligns the spins of quarks and an-
tiquarks along the axis of rotation. While the alignment of quark spins by
rotation in a chirally symmetric phase has been extensively discussed in the
literature [18, 19, 20, 3, 21, 22, 23, 24] (see [25] for a recent review), a priori
it is not clear whether any of this alignment would survive the hadronization.
Indeed, hadronization is accompanied by the spontaneous breaking of chiral
symmetry, and could thus easily wash out any spin polarization present in
the chirally symmetric phase. Our results in this paper however indicate that
the polarization of quarks and antiquarks induced by vorticity should sur-
vive the hadronization transition. This effect should manifest itself in spin
polarization of the observed hadrons.
Recently, the STAR Collaboration at RHIC has presented the preliminary
data indicating that both Λ and Λ¯ hyperons in AuAu collisions at
√
s = 62
GeV and below appear polarized relative to the reaction plane, with PΛ ≃
PΛ¯ ≃ 0.02− 0.03 [26]. We believe that this observation is remarkable for the
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following reasons: i) it presents a clear evidence for the presence of vorticity
in the quark-gluon fluid; ii) it shows that vorticity is still present at the
hadronization transition, suggesting a small value of shear viscosity; iii) it
demonstrates that the strange quark and antiquark polarization survives the
hadronization.
Let us now present the estimate of Λ and Λ¯ polarization basing on our
results. Assume that the vorticity is aligned along the z axis; the average
spin polarization of quarks and antiquarks from (6) and (12) is
〈σz〉 = 〈Ψ¯σxyγ5Ψ〉〈Ψ¯Ψ〉 =
Nc
π2f 2pi
µ Ωz , (18)
where µ is the baryon chemical potential and Ω is the vorticity.
For a numerical estimate, let us use the baryon chemical potential µ ≃ 80
MeV as extracted from hadron abundances in AuAu collisions at
√
s = 62
GeV [27]. Since the polarization of Λ hyperons results mostly from the po-
larization of strange quarks, we have to use the chemical potential of strange
quarks that is µs ≃ µ/3. The value of vorticity on the freeze-out hyper-
surface at present is somewhat uncertain. The lower bound on this quantity
can be obtained by making a (somewhat unrealistic) assumption that no vor-
ticity is present in the initial conditions. One can then use viscous (3 + 1)
relativistic hydrodynamics with shear viscosity to entropy ratio η/s = 0.1 to
obtain the lower bound of Ωz ≃ 5 · 10−3 fm−1 [28]. On the other hand, the
evaluation of vorticity in the initial state [29] from HIJING model yields for
initial vorticity a large value Ω0z ≃ 0.1. Hydrodynamical evolution at small
shear viscosity is then expected to approximately preserve vorticity, yielding
the value of Ωz ≃ 0.1 fm−1 on the freeze-out hypersurface [30].
With these values (µs ≃ 27 MeV, Ωz ≃ 0.1 fm−1), Nc = 3 and the pion
decay constant fpi = 92 MeV we get from (18) the strange quark polarization
Ps ≡ 〈σz〉 ≃ 0.02. (19)
Of course, the polarization of Λ and Λ¯ will be suppressed by the dilution
factor D relative to the polarization of strange quarks and antiquarks:
PΛ = PΛ¯ = D Ps. (20)
The data on production of polarized Λ and Λ¯ hyperons in semi-inclusive
Deep-Inelastic scattering allow to extract the dilution factor; in the kinematic
region of valence quarks appropriate for our case, it is D = 0.9± 0.2 [31].
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We thus estimate
PΛ = PΛ¯ ≃ 0.02, (21)
in reasonable agreement with STAR data [26]. Of course, this agreement
could be much worse if we assumed the absence of vorticity in the initial
state. We think however that this assumption is unrealistic; clearly, much
more work has to be done to control the magnitude of vorticity.
5 Conclusion
In this paper we have introduced the vortical susceptibility of finite density
matter in the chirally broken phase of QCD. It originates from the anomaly,
and has been estimated here under the assumption of pion dominance in
the axial channel. The non-vanishing vortical susceptibility signals a kind of
“super-rotation” (anomalous contribution to the angular momentum) present
in a background antisymmetric tensor or axion fields in the rotating frame.
It would be interesting to investigate the vortical susceptibility on the lattice
similarly to how it has been done previously for magnetic susceptibility. This
quantity can also be evaluated in the holographic approach.
We discuss a macroscopic property of the QCD matter, and it would be
interesting to establish the microscopic origin of gravimagnetization in the
rotating frame. Since the vortical susceptibility is proportional to the baryon
density it is natural to assume that at microscopic level one deals with grav-
imagnetization of the degrees of freedom that carry baryon charge. This can
be compared with the gravimagnetization of the vacuum in the N = 2 SYM
theory when microscopically the gravimagnetization of vacuum is dominated
by the instantons [17] and can be evaluated from Nekrasov partition func-
tion at small parameters of the Omega-deformation. Recall that baryons are
identified as the instantons in the holographic QCD hence the SYM results
could provide some guidance in understanding gravimagnetization in QCD
vacuum.
It would also be interesting to consider the vortical susceptibility beyond
the linear response approximation. At large baryon chemical potential µ
QCD is expected to be in the deconfined and chirally symmetric phase, but
one could consider the case of a moderate µ and large vorticity. In analogy
with the magnetic field case one may expect a saturation of vortical suscep-
tibility at some value of vorticity; at very large vorticity, the QCD matter
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has recently been argued [24] to undergo transition to the chirally symmet-
ric phase. Another interesting direction is the application of these ideas in
condensed matter physics, to systems possessing exciton condensates. The
exciton condensate is the analog of the chiral condensate, so one can address
the response of the exciton condensate to the rotation of the system.
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